ABSTRACT. We define the Riemann integral for bounded functions defined on a general topological measure space. When the space is a compact metric space the integral is equivalent to the R-integral defined by Edalat using domain theory.
compact; when f is integrable it is Lebesgue integrable and the values for these two integrals equal. All these then imply that this integral is equivalent to the R-integral defined by Edalat when the space X is a compact metric space. 
The Riemann sums over ordered coverings.
We now define the lower and upper Riemann sums of a bounded function defined on a measure space and then use these to define the Riemann integral.
In the following we assume that (X, H, µ) is a measure space with µ(X) = 1, and M is a collection of measurable subsets satisfying (M1) and (M2). Let f : X → R be a bounded real valued function on X and
We assume that inf f (∅) = 0 and sup f (∅) = 0. Definition 2.1. Let f : X → R be a bounded real valued function.
where
We call S l (f, A) and S u (f, A) the lower and upper Riemann sums of f over A, respectively.
Lemma 2.2. Let
and
.
We first prove
where the last and the second to the last equation follow from the fact that the sets
are pairwise disjoint and their union is
Similarly we can prove
Now we prove
For each 1 ≤ l ≤ M , the sum of the terms in
Notice that for any four sets A, B, C and D we have the equation
The proof is complete.
Corollary 2.3. For any
Proof. This follows from
Definition 2.4. Let M be a collection of measurable sets of X satisfying (M1) and (M2). For any bounded function f :
Remark 2.5. (1) From Corollary 2.3 it follows immediately that
is contained in the union of those A j with j < i, then we can remove A i from A without effecting the values of the Riemann sums. In particular we can always remove the empty set from A.
3. The M-integral. Now we can define a Riemann type integral for each M satisfying the conditions (M1) and (M2) which includes both the Riemann integral and the Lebesgue integral as special cases when the functions considered are bounded. 
Definition 3.1. Given a collection M of measurable sets satisfying the conditions (M1) and (M2). A bounded real valued function
f : X → R is called M-integrable if (M) − fdµ = (M) − fdµ.
In this case we call (M)
For any scalar k and any two functions f and g we have
From these we obtain Corollary 3.3. If f and g are M-integrable functions and k is any scalar, then both kf and f + g are M-integrable, and in these cases
The following lemma can be verified directly. 
There is a number b such that for any ε > 0 there exists
The Lebesgue integral for bounded functions.
In this section we consider the L-integral where L is the set of all measurable sets of X. It turns out with no surprise that this is exactly the Lebesgue integral. Let s : X → R be a measurable function. The function s is a simple function if it has a finite range, equivalently, if there are pairwise disjoint measurable sets
Definition 4.1. Let f be a bounded measurable function on X. The lower and the upper Lebesgue integrals of f are defined by
If these two integrals are equal, then f is called Lebesgue integrable on X and the common value is denoted by (L) X f dµ, or simply f dµ.
Lemma 4.2. A bounded function f is Lebesgue integrable if and only if for any ε > 0 there is an ordered measurable covering
Proof. Suppose the condition is satisfied. For any ε > 0, let A = E 1 , E 2 , · · · , E n be an ordered measurable covering satisfying
If necessary we can replace A by the ordered measurable covering B * obtained by removing the empty sets from the covering
. Thus we can assume the sets E i are pairwise disjoint and nonempty. Define two simple functions ψ and φ as follows:
Conversely if f is Lebesgue integrable, then for any ε > 0 there are simple functions φ and ψ such that
Let A be the ordered measurable covering formed by the pairwise disjoint sets E k ∩ B i in any fixed order. Then one easily verifies that
Corollary 4.3. A bounded function f is Lebesgue integrable if and only if it is L-integrable. In this case the values for the two integrals are equal.
Since L is the largest collection of measurable sets satisfying the conditions (M1) and (M2), by Corollary 3.2 we deduce the following.
Corollary 4.4. Let M be a collection of measurable sets satisfying the conditions (M1) and (M2). If a bounded function f is M-integrable it is also Lebesgue integrable, and in this case
(M) f dµ = (L) f dµ.
The R-integral.
In this section we consider an integral for bounded real valued functions defined on a topological space X equipped with a normed Borel measure µ, that is µ(X) = 1. Let O be the collection of all open sets of X. The O-integrable functions will be called R-integrable functions. We shall prove that R-integral is a generalization of the Riemann integral on intervals. 
The last equation follows from the fact that the A * k 's are pairwise disjoint and their union is X. This contradicts the assumption that f is R-integrable. Hence µ(D(f )) = 0.
For the converse conclusion to be true we need the measure to have the following property:
For any measure zero set A and any ε > 0, there is an open set U , such that ( * )
A ⊆ U and µ(U ) < ε.
Lemma 5.2. Let X be a compact Hausdorff space with a normed Borel measure µ satisfying the condition ( * ). If f is bounded and continuous almost everywhere, then f is R-integrable.
Proof. Assume that f is continuous almost everywhere and |f (x)| ≤ B for all x ∈ X, where B is a positive number. Now for each ε > 0, by condition ( * ) we can choose an open set A 1 containing D(f ) such that µ(A 1 )) < (ε)/(4B). As a closed subset of X, F = X − A 1 is compact, and f is continuous at every point in F . Thus there is an open covering of F , say
Hence f is R-integrable.
Theorem 5.3. Let X be a compact Hausdorff space with a normed Borel measure satisfying the condition ( * ). Then a bounded function is R-integrable if and only if it is continuous almost everywhere.
It is well known that a bounded function defined on an interval [a, b] is Riemann integrable if and only if it is continuous almost everywhere. And in this case the Riemann integral and the Lebesgue integral of f are equal. The Lebesgue measure µ on [a, b] satisfies the condition ( * ). Thus combining the above results we obtain the following corollary which shows that the R-integral is a generalization of the Riemann integral. 
is a closed subset of the compact space X and B is a basis. Let W = U 1 ∪ U 2 · · · ∪ U m . Now for each x ∈ W c we have ω(f ; x) < (1/n), so there exists an open neighborhood V of x such that ω(f ; V ) < (1/n), and this V can be chosen from B. Since W c is compact it follows that there are
Then A is an ordered B-covering, and we have the following equations and inequalities:
Hence f is B-integrable. 
For compact metric spaces, Edalat has proved the computability of R-integral by using the domain theory. Here we provide an elementary proof for this fact.
In the following we assume that X is a compact metric space with a normed Borel measure µ satisfying the condition ( * ).
The main step in the proof is to show that if f is R-integrable then for any ε > 0 there is δ > 0 such that for each ordered open covering
To prove the main result we need the following lemma. . In addition, for each bounded real valued function f we have two monotone sequences S l (f, B n ) and S u (f, B n ) , which converge to the same number when f is Rintegrable.
